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Heat transferAbstract In this study, we investigate a peristaltic transport of nano-hyperbolic tangent fluid in an
inclined asymmetric channel with convective boundary conditions. Two types of nanoparticles are
considered, namely, the copper and aluminum oxide. Mathematical modeling is carried out by using
a long wavelength and low Reynolds number assumptions. The governing equations of the problem
are solved analytically by a perturbation technique with small Weissenberg number. Through
graphs, we analyze the effects of the nanoparticles volume fraction parameter, slip parameter, Biot
number along with the other pertinent parameters on the stream function, axial velocity, pressure
rise per wavelength, temperature and Nusselt numbers. It was found that the copper and aluminum
oxide nanoparticles have almost insignificant effect on the axial velocity field and the heat transfer
coefficients. However, the retrograde pumping rate decreases with increasing a; B and n while this
behavior is reversed for the cases of peristaltic and copumping. Furthermore, the pressure rise per
wavelength does not show a significant change with an increase inWe in the presence of copper and
aluminum oxide nanoparticles.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Nanofluids are stable colloidal suspensions of nano-materials
(nanoparticles, nanorods, nanotubes, nanowires, nanofibers,
nanosheets, other nanocomposites, or even nano-droplets
and nano-bubbles) in common, base fluids, such as water,
oil, ethylene–glycol mixtures (antifreeze), refrigerants, heat
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Nanofluids may have properties that are substantially different
from their base fluids, like much higher thermal conductivity,
and other flow and heat transfer characteristics. Nanofluids
have the potential to reduce thermal resistances, and industrial
applications groups such as energetics, electronics, food, biol-
ogy, process systems engineering and medical science (antibac-
teria activity, nanodrug delivery, etc.) [1,2].
In recent years, tremendous effort has been given to the
study of nanofluids. Experimental studies [3–6] showed that
even with a small volumetric fraction of nanoparticles (usually
less than 5%), the thermal conductivity of the base liquid is
enhanced by 10–50% with a remarkable improvement in the
convective heat transfer coefficient. Das et al. [7] have observed
that the thermal conductivity for nanofluid increases with
increasing temperature. They have also observed the stability
of Al2O3–water and CuO–water nanofluid. Wen and Ding [8]
experimentally investigated the convective heat transfer behav-
ior of water–Al2O3 nanofluid flowing through a copper tube in
laminar flow regime. Heris et al. [9] investigated experimentally
the convective heat transfer coefficient of Al2O3–water and
CuO–water nanofluids for laminar flow in annular tube under
a constant wall temperature boundary condition. Ghassemia
et al. [10] studied effective thermal conductivity of blood with
suspension of Al2O3 nanoparticles as a bio-nanofluid. Mogha-
dassi et al. [11] presented the CFD models for fully developed
laminar flows in a uniformly heated tube based on two models
(two-phase mixture model and single phase model). The mod-
eling was done considering 0.1 volume percent of Al2O3 and
Al2O3–Cu with 15 nm average size dispersed in distilled water
as the base fluid. Ogut [12] proposed natural convection heat
transfer of water-based nanofluids in an inclined square enclo-
sure where the left vertical side is heated with a constant heat
flux, the right side is cooled, and the other sides are kept adi-
abatic. Cimpean and Pop [13] analyzed the steady fully devel-
oped mixed convection flow of a nanofluid in an inclined
channel filled with a porous medium.
The problem of the peristaltic transport mechanism has
attracted the attention of many investigators since the first
investigation of Latham [14]. The fundamental studies on peri-
stalsis were performed by Fung and Yih [15] using laboratory
frame of reference and then by Shapiro et al. [16] using wave
frame of reference. Very recently, various attempts dealing
with peristaltic flow of nanofluid in a tube or channel have
been made. Akbar et al. [17] studied peristaltic flow of a nano-
fluid in a diverging tube, coupling the temperature and
nanoparticle equations using a homotopy perturbation
method. They showed that pressure rise decreases with the
increase in thermophoresis number whereas elevating the
Brownian motion parameter and the thermophoresis parame-
ter induces a rise in temperatures. Mustafa et al. [18] presented
the mathematical model to investigate the peristaltic motion of
nanofluid in a channel with compliant walls. Nadeem et al. [19]
have derived the effects of heat and mass transfer on peristaltic
flow of a nanofluid between eccentric cylinders. Akbar [20] dis-
cussed the peristaltic flow of a nano-Sisko fluid in an asymmet-
ric channel. Akbar et al. [21] examined MHD peristaltic flow
of Carreau nanofluid in an asymmetric channel. Soret and
Dufour effects in peristaltic transport have been discussed by
Hayat et al. [22,23]. Simultaneous effects of slip and wall prop-
erties have been investigated by Aly and Ebaid [24], and Hayat
et al. [25].Analysis of the heat transfer influences with convective
boundary condition on the peristaltic flow is very important
due to its practical applications. In particular, it is used in
hemodialysis and oxygenation; to obtain information about
the properties of tissues; hypothermia treatment; sanitary fluid
transport; blood pump in heart–lung machines and transport
of corrosive fluids; laser therapy and coldness cryosurgery, as
a mean to destroy undesirable tissues, including cancer Akbar
[26]. In the presence of complaint wall properties, Alsaedi et al.
[27] examined the peristaltic transport of Prandtl fluid in a
symmetric channel with convective conditions. They found
that Prandtl fluid parameters have opposite effects on velocity
and temperature profiles, and heat transfer coefficient. The sys-
tem of partial differential equations describing the peristaltic
flow of a nanofluid with slip and convective boundary condi-
tions of the velocity, temperature, and concentration have been
analytically solved by Ebaid and Aly [28], Aly and Ebaid [29].
Mustafa et al. [30] have studied the effects of an induced mag-
netic field on the mixed convection peristaltic motion of nano-
fluid in a vertical channel. Hayat et al. [31] simulated effects of
convective conditions and nanoparticles on the peristaltic
transport of viscous nanofluid in an asymmetric channel.
One of the important branches of the non-Newtonian fluid
models is the hyperbolic tangent fluid model, where it is used
extensively for different laboratory experiments. Nadeem
et al. [32] studied the effects of nanoparticles on peristaltic flow
of tangent hyperbolic fluid in an annulus. They solved the two-
dimensional equations of tangent hyperbolic fluid with the
help of homotopy perturbation and Adomian decomposition
methods for velocity, temperature and nanoparticles concen-
tration. Abdul Gaffar et al. [33] investigated the laminar
boundary layer flow and heat transfer of a tangent hyperbolic
non-Newtonian fluid from a sphere. Abbasi et al. [34] analyzed
peristaltic transport of copper–water nanofluid saturating por-
ous medium using two phase flow in an asymmetric channel.
For further good recent works on hyperbolic tangent nano-
fluid, see Akbar [26], Shehzad et al. [35], Akram and Nadeem
[36], and Kothandapani and Prakash [37]. Very recently,
Hayat et al. [38] examined the influence of melting heat trans-
fer in the stagnation point flow of an incompressible magneto-
hydrodynamic tangent hyperbolic fluid. They found that the
melting parameter reduces the temperature and thermal
boundary layer while it shows opposite behavior for the veloc-
ity. Further, Abbas et al. [39] investigated the three dimen-
sional peristaltic flow of hyperbolic tangent fluid in a non-
uniform channel. They deduced that the magnitude of the
velocity is maximum in the center of the channel whereas it
is minimum near the walls.
It should be mentioned that, even with the base Newtonian
fluid, many nanofluids exhibit non-Newtonian, mainly shear-
thinning behavior, see for example Refs. [40–42]. In addition,
by adding the nanoparticle to a non-Newtonian fluid, a new
non-Newtonian fluid, with different consistency coefficient
and power law index, is created. On considering this concept,
heat transfer and entropy generation due to laminar natural
convection [43], mixed convection [44] and due to laminar nat-
ural convection in the presence of an external horizontal mag-
netic field in a square cavity filled with non-Newtonian
nanofluid have been investigated taking the base fluid as water
[45]. Further, Islami et al. [46] studied the effect of base fluid
on the flow and heat transfer characteristics of nanofluid,
where two nanofluids, CuO/water and CuO/CMC, were
Figure 1 Schematic diagram of the physical model.
Table 1 Thermophysical properties of the water and nanopar-
ticles [52].
Physical properties Pure water Cu Al2O3
Cp (J/kg K) 4179 385 765
q (kg/m3) 997.1 8933 3970
k (W/m K) 0.613 401 40
b (K1) 0.00021 0.0000167 0.0000085
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except viscosity, are approximately in a same range. They
found also that the average Nusselt number increases by add-
ing the nanoparticles to both Newtonian and non-Newtonian
base fluids but this increase is higher for Newtonian base fluid.
Experimental effects of temperature and shearing time on vis-
cosity of Al2O3/water-based nanofluids at low concentration
and low temperatures were investigated by Aladag et al. [47].
It was proved that the nanofluid suspensions indicated either
Newtonian or non-Newtonian behavior, depending on shear
rate. In particular, they found that the studied nanofluid was
non-Newtonian within the range of low temperatures.
Duangthongsuk and Wongwises [48] reported dynamic viscos-
ity of nanofluids experimentally. They used TiO2 nanoparticles
dispersed in water with volume concentration of 0.2–2 vol.%
and for temperatures ranging from 15 C to 35 C. The results
showed that the viscosity of nanofluids augmented as the par-
ticle concentrations increased and importantly are higher than
the base liquid values. Furthermore, Jamshidi et al. [49] exam-
ined the experimental effect of adding SiO2 nanoparticles on
the viscosity of base fluid as water, ethylene glycol, and trans-
former oil. It was shown that the viscosity of suspension
enhances with addition of nanoparticles. They also mentioned
that the increase of viscosity does not follow the common
models such as Einstein’s formula. On the other hand, the
increasing rate of viscosity for fluids with lower viscosity, such
as water, is higher than fluids with higher viscosity such as
ethylene glycol. For further details regarding this paragraph’s
topic, the researchers are advised to read the very recent inter-
ested papers by Bashirnezhad et al. [50] and Krishnamurthy
et al. [51].
Recently, application of nano-technology in medicine and
cancer therapy has generated a lot of interest in thermal prop-
erties of bio-nanofluid such as blood with nanoparticles sus-
pension. We thus intend to model the analysis of the heat
transfer and peristaltic flow of a hyperbolic tangent nanofluid
in a two dimensional asymmetric channel in presence of the
partial slip and convective boundary conditions. It should be
mentioned here that the Boussinesq’s and long wavelength
approximations are employed in the process of modeling. On
considering that the Weissenberg number is small, a perturba-
tion solution is obtained. The effects of physical parameters of
the problem on the fluid flow and heat transfer characteristics
are in detail discussed for two different nanofluids, namely
Cu–water and Al2O3–water.
2. Mathematical model
A two-dimensional inclined asymmetric channel of width
d1 þ d2 is investigated. Further, the plate surfaces are subjected
to the velocity slip and asymmetric convective heat exchange
with ambient due to unequal heat transfer coefficients and
the fluid motion is induced by a sinusoidal wave propagating
with constant speed c on the channel walls, see Fig. 1. In addi-
tion, the flow is assumed to be steady, incompressible, laminar
and water-based hyperbolic tangent nanofluids containing Cu
and Al2O3. It is also considered that the base fluid and the
nanoparticles are in thermodynamic equilibrium and they flow
at the same velocity. The thermophysical properties of the
nanofluid are assumed to be constant except the density varia-
tion in the buoyancy force, which is estimated based on theBoussinesq approximation. The thermophysical properties of
water with Cu and Al2O3 are given in Table 1. In addition,
the heat transfer analysis with nanoparticle is maintained by
considering temperature T1 and T2 to the lower and the upper
walls of a channel. The viscous dissipation and radiation
effects are neglected in the energy equation. The X-axis is con-
sidered up lengthways and the Y-axis is oriented perpendicular
to the channel walls. The surfaces are taken as
H1 ¼ d1 þ a1 cos 2pk X ctð Þ
 
;
H2 ¼ d2  a2 cos 2pk X ctð Þ þ u
 
; ð1Þ
where a1 and a2 are the amplitudes of waves, k is the wave-
length and t is the time. The phase difference u varies in the
range 0 6 u 6 p, in which u ¼ 0 and u ¼ p corresponds to
symmetric channel with waves out and in the phase, respec-
tively. Moreover, a1; a2; d1, d2 and u satisfy the following
condition:
a21 þ a22 þ 2a1a2 cosu 6 d1 þ d2ð Þ2: ð2Þ
The constitutive equation for hyperbolic tangent fluid is
given by [36–39]
s ¼  g1 þ g0 þ g1ð Þ tanh C _cð Þn½  _c; ð3Þ
in which s is the extra stress tensor, g1 is the infinite shear rate
viscosity, g0 is the zero shear rate viscosity, n is the power law
index, C is the time constant, where _c is defined as
_c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
X
i
X
j
_cij _cji
r
¼
ﬃﬃﬃﬃﬃﬃﬃ
1
2
P
r
; ð4Þ
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P ¼ 1
2
trac rVþ rVð ÞT 2;
hereP is the second invariant strain tensor. In this analysis, we
consider the constitutive Eq. (4), the case for which g1 ¼ 0 and
C_c < 1. The component of extra stress tensor can be written as
s ¼ g0 C_cð Þn½  _c ¼ g0 1þ C _c 1ð Þn½  _c
¼ g0 1þ n C_c 1ð Þð Þ½  _c: ð5Þ
Hence, the equations governing the motion and heat bal-
ance for the inclined channel are
@U
@X
þ @V
@Y
¼ 0; ð6Þ
qnf
@U
@t
þU @U
@X
þ V @U
@Y
 
¼  @P
@X
þ @sXX
@X
þ @sXY
@Y
þ qnf g sin a bnf T Tmð Þ; ð7Þ
qnf
@V
@t
þU @V
@X
þ V @V
@Y
 
¼  @P
@Y
þ @sYX
@X
þ @sYY
@Y
 qnf g cos a bnf T Tmð Þ; ð8Þ
qCPð Þnf
@T
@t
þU @T
@X
þ V @T
@Y
 
¼ knf @
2T
@X2
þ @
2T
@Y2
 
þ r0; ð9Þ
where U and V are the velocities in the X and Y directions in
the fixed frame, respectively, P is the pressure, g is the acceler-
ation due to gravity, sXX; sXY and sYY are the components of
extra stress tensor, a is the inclination of the channel with
the horizontal, Tm ¼ T1þT22
 
is the mean temperature, T is the
temperature, qnf is the effective density, bnf is the thermal
expansion coefficient, qCPð Þnf is the heat capacitance, knf is
the effective thermal conductivity of the nanofluid and r0 is
the heat absorption parameter.
We now introduce a wave frame x; yð Þ moving with velocity
c away from the fixed frame X;Yð Þ. The appropriate conver-
sion for these two frames of reference is
x ¼ X ct; y ¼ Y; u ¼ U c; v ¼ V;
pðx; yÞ ¼ PðX;Y; tÞ; ð10Þ
where u and v are the velocities in the x- and y-directions,
respectively, in the wave frame and p is the pressure in the
wave frame. To render the flow problem non-dimensional, fur-
ther set of dimensionless variables can be defined by
x ¼ 2px
k
; y ¼ y
d1
; u ¼ u
c
; v ¼ v
cd
; d ¼ 2pd1
k
;
t ¼ ct
k
; d ¼ d2
d1
; p ¼ 2pd1p
qnfc2k
;
h1 ¼ H1
d1
; h2 ¼ H2
d2
; a ¼ a1
d1
; b ¼ a2
d1
; w ¼ w
cd1
;
h ¼ T Tm
T1  Tm ;
_c ¼ d1
c
_c;
sxx ¼ k
2plnfc
sxx; sxy ¼ d1lnfc
sxy; syy ¼ d1lnfc
syy; ð11Þ
where d represents the dimensionless wave number. To satisfy
Eq. (6), u and v have to be defined by u ¼ @w
@y
, v ¼  @w
@x
, where wis the stream function. On substituting in Eqs. (7)–(9) and after
dropping the bars, we get
d
@w
@y
@2w
@x@y
@w
@x
@2w
@y2
 
¼@p
@x
þlnf
lf
qf
qnf
d2
Re
@sxx
@x
þlnf
lf
qf
qnf
1
Re
@sxy
@y
þ qf
qnf
qbð Þnf
qbð Þf
1
Re
Grhsina; ð12Þ
d3
@w
@x
@2w
@x@y
@w
@y
@2w
@x2
 
¼@p
@y
þlnf
lf
qf
qnf
d2
Re
@sxy
@x
þlnf
lf
qf
qnf
d
Re
@syy
@y
 qf
qnf
qbð Þnf
qbð Þf
d
Re
Grhcosa; ð13Þ
d
@w
@y
@h
@x
 @w
@x
@h
@y
 
¼ 1
Re
1
Pr
knf
kf
qCp
 
f
qCp
 
nf
d2
@2h
@x2
þ @
2h
@y2
 
þ 1
Re
1
Pr
qCp
 
f
qCp
 
nf
r; ð14Þ
where
sxx ¼ 2 1þ n We _c 1ð Þ½  @
2w
@x@y
;
sxy ¼ 1þ n We_c 1ð Þ½  @
2w
@y2
 d2 @
2w
@x2
 
;
syy ¼ 2d 1þ n We _c 1ð Þ½  @
2w
@x@y
;
_c ¼ 2d2 @
2w
@x@y
 2
þ @
2w
@y2
 d2 @
2w
@x2
 2
2d2
@2w
@y@x
 2" #1=2
; ð15Þ
in which Re ¼ qfcd1lf
	 

, We ¼ Cc
d1
	 

; Pr ¼ lfCpf
kf
	 

,
Gr ¼ qf g bfðT1TmÞd21lf c
	 

and r ¼ d21r0
knfðT1TmÞ
	 

represent Reynolds
number, Weissenberg number, Prandtl number, local Grashof
number and the non-dimensional heat source parameter,
respectively. Moreover, the viscosity of the nanofluid can be
estimated using the existing relations for the two-phase mix-
ture. The viscosity of the nanofluid containing a dilute suspen-
sion of small rigid spherical particles has been given by
Brinkman [53]. This relation is used for effective viscosity
which is given by
lnf ¼
lf
1 /ð Þ2:5 : ð16Þ
In addition, the effective density of the nanofluid at refer-
ence temperature is defined as
qnf ¼ 1 /ð Þqf þ /qs: ð17Þ
Further, the ratio of effective thermal conductivity of
nanofluids restricted to spherical nanoparticles is approxi-
mated by Maxwell–Garnett model [54] as
knf
kf
¼ ks þ 2kf  2/ kf  ks
 
ks þ 2kf þ / kf  ks
  : ð18Þ
The heat capacitance of the nanofluid and part of Boussi-
nesq term are defined as
qCp
 
nf
¼ 1 /ð Þ qCp
 
f
þ / qCp
 
s
;
qbð Þnf ¼ 1 /ð Þ qbð Þf þ / qbð Þs; ð19Þ
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fraction of solid particles and the subscripts f; nf; s stand for
base fluid, nanofluid and solid, respectively.
The time mean flow rate F (in the fixed frame) andH (in the
wave frame) are related by the following condition:
H ¼ Fþ 1þ d; ð20Þ
where
F ¼
Z h1ðxÞ
h2ðxÞ
@w
@y
dy ¼ w h1ðxÞð Þ  w h2ðxÞð Þ: ð21Þ
Here
h1 ¼ 1þ a cosx; h2 ¼ d b cos xþ uð Þ; ð22Þ
where a; b; u and d satisfy the following relation:
a2 þ b2 þ 2ab cosu 6 1þ dð Þ2:
The hydrodynamic and thermal boundary conditions for
the present problem are specified as follows:
w ¼ F
2
;
@w
@y
¼ Bsxy  1 at y ¼ h1;
w ¼ F
2
;
@w
@y
¼ Bsxy  1 at y ¼ h2;
@h
@y
¼ Bi1 1 hð Þ at y ¼ h1;
@h
@y
¼ Bi2 1þ hð Þ at y ¼ h2; ð23Þ
in which B ¼ L=d1 represents the dimensionless slip parame-
ters, where L the dimension slip parameter, and
Bil ¼ hfl d1kf ; l ¼ 1; 2 is the Biot number, which refers to the ratio
of heat transfer coefficient to the thermal conductivity of the
fluid. When Bi1 and Bi2 !1 the convective boundary condi-
tion reduces to a uniform surface temperature boundary con-
dition. Further, Bi1 ¼ Bi2 ¼ 0 corresponds to the case of
insulated plates. When Bi1 ¼ Bi2 – 0, the channel is cooled
symmetrically and the heat dissipations from the upper and
lower walls are equal.
3. Solution of the problem
Under the assumptions of long wavelength d 1 and low
Reynolds number, Eqs. (12)–(15) become
0 ¼  @p
@x
þ lnf
lf
qf
qnf
1
Re
@sxy
@y
þ qf
qnf
qbð Þnf
qbð Þf
1
Re
Grh sin a; ð24Þ
0 ¼  @p
@y
; ð25Þ
0 ¼ 1
Re
1
Pr
knf
kf
qCp
 
f
qCp
 
nf
@2h
@y2
þ 1
Re
1
Pr
qCp
 
f
qCp
 
nf
r; ð26Þ
where
sxy ¼ 1 nð Þ @
2w
@y2
þ n We @
2w
@y2
 2
: ð27Þ
Eq. (25) indicates that p is not a function of y. Elimination
of pressure from Eqs. (24) and (25) resultslnf
lf
qf
qnf
1
Re
@2
@y2
1 nð Þ @
2w
@y2
þ nWe @
2w
@y2
 2 !
þ qf
qnf
qbð Þnf
qbð Þf
1
Re
Gr sin a
@h
@y
¼ 0: ð28Þ
Solution of Eq. (26), which satisfies the boundary condi-
tions (23), can be written as follows:
h ¼  kf
knf
r
2
y2 þ A0yþ A1; ð29Þ
where A0 and A1 are calculated as
A0 ¼ 1
Bi1 þ Bi2ð Þ þ h1  h2ð ÞBi1Bi2
kf
knf
r

Bi2h1 þ Bi1h2

þ Bi1Bi2
2
h21  h22
 þ 2Bi1Bi2

ð30Þ
A1 ¼ 1
Bi1Bi2ðh2  h1Þ
kf
knf
r Bi1 þ Bi2  Bi1Bi2
2
ðh2  h1Þ
 
þ Bi1Bi2ðh1 þ h2Þ  A0 Bi1h1 þ Bi2h2ð Þ

: ð31Þ
Eq. (28) is a highly nonlinear equation; hence, its closed
form solution is very difficult to be obtained. Therefore, we
are interested to find the analytical solution with the help of
regular perturbation method. In particular, the flow quantities
w; F and p are expanded in a power series of a small Weis-
senberg number We as follows:
w ¼ w0 þWe w1 þOðWe2Þ;
F ¼ F0 þWe F1 þOðWe2Þ;
p ¼ p0 þWe p1 þOðWe2Þ: ð32Þ
On substituting Eq. (32) into Eqs. (23), (24), (27) and (28)
and then finding the solutions of zeroth and first order systems,
we obtain the following solution:
w ¼ n d
2
1We
56 n 1ð Þ y
8  n d1d2We
21 n 1ð Þ y
7 þ n d
2
2  2d1d3
 
We
30 n 1ð Þ y
6
 lf
lnf
qbð Þnf
qbð Þf
kf
knf
r Gr sin a
120ðn 1Þ
 
þ n B1d1  d2d3ð ÞWe
10 n 1ð Þ

y5
þ lf
lnf
qbð Þnf
qbð Þf
A0 Gr sin a
24ðn 1Þ þ
n 2B1d2 þ d23
 
We
12 n 1ð Þ
 !
y4
þ B0
6
þ lf
lnf
qbð Þnf
qbð Þf
A1 Gr sin a
6ðn 1Þ þ
B4We
6
þ nB1d3We
3 n 1ð Þ
 !
y3
þ B1
2
þ B5We
2
þ n B
2
1We
2 n 1ð Þ
 
y2
þ B2 þ B6Weð Þyþ B3 þ B7We: ð33Þ
Then, the axial pressure gradient dp=dx is given by
dp
dx
¼ lnf
lf
qf
qnf
1
Re
1 nð Þ B0 þWe B4ð Þ; ð34Þ
where the values of B0–B7 are defined in Appendix A. The
dimensionless expression for pressure rise per wavelength Dpk
is given by
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Figure 2 Profiles of the axial velocity ðuÞ, as a function of y, for different values of a, B; Gr; n and h.
2214 H.M. Sayed et al.Dpk ¼
Z 1
0
dp
dx
dx; ð35Þ
where dp=dx is defined through Eq. (34).
The heat transfer coefficients Nu1 and Nu2 at the upper and
lower walls are given by
Nu 1;2ð Þ ¼  knf
kf
@h
@y
 
h1 ;h2ð Þ
: ð36Þ
On substituting Eq. (29) into Eq. (36), we get
Nu1 ¼ rh1  knf
kf
A0; Nu2 ¼ rh2 þ knf
kf
A0: ð37Þ4. Results and discussion
The aim of this section is to analyze the behavior of different
physical parameters on the velocity profiles and temperature
distribution with help of graphical results displayed in Figs. 2
and 3. These parameters include the inclination of the channel
(a), slip parameter (B), heat source parameter (r), Biot number
for the upper and lower walls (Bi1;Bi2), local temperature Gra-
shof number (Gr), nanoparticle volume friction (/), Weis-
senberg number (We), amplitudes of waves (a), and power
law index (n). In addition, the expression for the pressure rise
per wavelength is numerically calculated using Mathematica
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Figure 3 Temperature distribution ðhÞ, as a function of y, for different values of /, Bi1; Bi2; r and a.
Influence of boundary conditions on peristaltic transport of nanofluids 2215software (see Fig. 4). Further, the heat transfer rate at the
upper and lower walls is considered for various values of per-
tinent quantities in Fig. 5. Furthermore, we investigated two
types of nanoparticles, namely copper (Cu) and aluminum
oxide (Al2O3), with the water base fluid.
Fig. 2(a)–(e) shows the axial velocity profiles u, as a func-
tion of y, for several values of a; B, Gr; n and H, where the
other parameters are fixed. From these figures, it is shown that
the plots of the velocity are concave downward. It is also found
that the velocity field increases and decreases slightly in the
regions y 2 ½1:3;0:3 and y 2 ½0:3; 1:3, respectively, with
an increase in /, Bi1; Bi2; r; a; Gr; n; We; a; B andH. Thisis due to the fact that an increase in the value of nanoparticle
volume fraction results an increase in the effective viscosity of
nanofluid and consequently it reduces the ability of the fluid to
move freely. In addition, Fig. 2(a) and (b) reveal that as n and
B increase, then the velocity field u decreases near the channel
walls while it increases at the center of the channel. Further,
from Fig. 2(c) and (d), one can see that the axial velocity at
the left wall decreases with an increase in a and Gr while it
increases at the right wall of the channel. Moreover, it turns
out that the effect of a is similar to the impact of a and Gr.
It is also observed that the distribution of the axial velocity u
shows less significant effects of copper and aluminum oxide
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2216 H.M. Sayed et al.nanoparticles with an increase in a; B, r; a; Bi1; Bi2; n; Gr
and /. This is identical to the fact that the stability of nanoflu-
ids decreased when the particle volume fraction increased and
enhanced with increase in viscosity of the base fluid.
Fig. 3(a)–(c) illustrate that the temperature decreases with
an increase of /; Bi1 and Bi2 because of the non-uniform tem-
perature distribution. The low temperature nanofluid exhibited
the non-Newtonian behavior in high shear rate region; how-
ever, it was extended to low shear rate region by increasing
the nanoparticle volume fraction. It can be seen that the tem-
perature at the lower and upper walls is minimum and it
increases slowly towards the middle of the channel. It is alsoobserved from Fig. 3(d) and (e) that the temperature increases
with increasing r and a. The temperature varies significantly at
the right wall when Bi1 excesses while an increase in Bi2
enhances the temperature field at the left wall as well as in
the middle part of the channel. In addition, the temperature
h shows slight significant effects of the two investigated
nanoparticles and it takes on values that decrease according
to the following ordering nanoparticles: Cu and Al2O3 with
an increase in /; r; a; Bi1 and Bi2. Physically, this is due to
the fact that addition of copper and aluminum oxide nanopar-
ticles enhances the effective thermal conductivity of nanofluid.
Consequently, the heat is transmitted more quickly from fluid
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Figure 5 Variation of the heat transfer coefficient, as a function of x, for different values of /; Bi1; Bi2; r and a.
Influence of boundary conditions on peristaltic transport of nanofluids 2217to the ambient and prevented it from attaining high tempera-
tures. Moreover, an increase in the nanoparticle volume fric-
tion reduces the temperature of nanofluid.
The variations of dimensionless pressure rise per wave-
length Dpk versus the dimensionless volumetric flow rate H
of the asymmetric channel are presented in Fig. 4(a)–(f) for
various physical parameters /; a, a; n; B and Gr. It is well
known that the peristaltic transport has three pumping
regions, which are defined as the pumping region for Dpk > 0
(peristaltic pumping H > 0, retrograde pumping when
H < 0), free pumping region for Dpk ¼ 0 and copumping when
Dpk < 0. It is therefore observed that there exists a linearrelationship between Dpk and H, where the pressure rise grad-
ually decreases with the increase of volumetric flow rate H.
Fig. 4(a)–(c) shows that retrograde, peristaltic and copumping
rates decrease with increase of / while the opposite effects are
noticed with an increase in the values of a and Gr. Therefore, it
can be concluded that effect of the nanoparticle volume frac-
tion on pressure rise has considerable impact. It is also found
that likewise the influence of Bi1 and Bi2 is similar to the effect
of / as well as r looks like to its behavior of Gr. Fig. 4(d)–(f)
indicate that the retrograde pumping rate decreases with
increase of a; B and n and decreases as flow rate increases.
However, this behavior is reversed for the cases of peristaltic
2218 H.M. Sayed et al.and copumping. It may be concluded here that the pressure
rise per wavelength Dpk does not show a significant effect of
copper and aluminum oxide nanoparticles with an increase
in We while it takes on values that decrease according to the
following ordering nanoparticles: Cu and Al2O3 with an
increase in /; a; B; r, a; Bi1; Bi2; n and Gr. In addition,
the peristaltic and copumping regions have opposite effect
on the pressure rise on comparing with that in the retrograde
pumping region. This observation indicates that addition of
nanoparticles facilitates the pressure rise due to additive resis-
tance proposed by nanoparticles to fluid motion.
In the presence of copper and aluminum oxide nanoparti-
cles, changes of the local Nusselt numbers are illustrated in
Fig. 5(a)–(c). As shown, the heat transfer coefficient Nu1
decreases; however, Nu2 increases when the values of Bi1 are
set to be increased. However, this trend becomes reversed with
the ascending variations in Bi2 and /. It is interesting to note
that local Nusselt number for hyperbolic tangent fluid in the
presence of nanoparticles is greater than that in the absence
which is reasonable and expected from a physical point of
view. According to Fig. 5(d) and (e), the heat transfer coeffi-
cients Nu1 and Nu2 increase by increasing the values of r
and a. As a consequence, the nanoparticle enhances the heat
transfer rate. In the narrow part of the channel, i.e. where
x ¼ 1 or 1, the heat is transferred at both of the walls with
a greater rate on comparing with the wider part of the channel,
i.e. when x ¼ 0. This observation shows the relevance with the
physical situation. Thermal conductivity of Cu nanoparticles is
larger than that of the Al2O3 nanoparticles; this implies that
some other factors such as interactions between nanoparticles
and fluids and the size of nanoparticles may also influence the
heat transfer rate enhancement of nanofluids. However, Cu
and Al2O3 nanofluids show slightly smaller heat transfer coef-
ficient enhancement at the higher parameters r, a, Bi1; Bi2 and
/.
5. Conclusions
Peristaltic transport of nano-hyperbolic tangent fluid in an
inclined asymmetric channel with convective boundary condi-
tions is studied. The governing two dimensional equations are
simplified under the assumptions of long wavelength and low
Reynolds number. Then, the equations of motion and energy
are analytically solved using a perturbation method and the
results are discussed through graphs. It was found that the
copper and aluminum oxide nanoparticles have almost
insignificant effect on the axial velocity field and the heat trans-
fer coefficients. Further, the temperature decreases with an
increase in, Bi1; Bi2 and / while it increases with increasing
r and a. Retrograde, peristaltic and copumping rates decrease
with an increase in /; Bi1 and Bi2 while the opposite is true
with an increase in r, a or Gr. The retrograde pumping rate
decreases with increasing a; B and n while this behavior is
reversed for the cases of peristaltic and copumping. Further-
more, the heat transfer coefficients Nu1 and Nu2 increase when
Bi1 decreases, while this behavior is reversed with increasing
Bi2 and /. In addition, they increase by increasing a and have
minor effects under the influence of copper and aluminum
oxide nanoparticles. Finally, the pressure rise per wavelength
does not show a significant change with an increase in We in
the presence of copper and aluminum oxide nanoparticles.Acknowledgment
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Appendix A.B0 ¼ 3ð2b3 b7 þ b8 þ F0 þ b4 h1  h2ð Þð Þ
þ 2b6ðb7 þ b8 þ F0 þ b1h1
 b1h2Þ  ðb1  b4Þ h21  h22
 Þ=ðh1  h2Þð3b5ðh1 þ h2Þ
þ b6ðh21 þ h1h2 þ h22Þ
þ b3ð6b5 þ h21 þ h1h2 þ h22Þ þ b2ð6b6  3ðh1 þ h2ÞÞÞ
B1 ¼ ð6b2ðb7 þ b8 þ F0 þ b4ðh1  h2ÞÞ
þ 6b5ðb7 þ b8 þ F0 þ b1h1  b1h2Þ
þ ðb1 b4Þ h31  h32
 Þ=ðh1  h2Þð3b5ðh1 þ h2Þ
þ b6ðh21 þ h1h2 þ h22Þ
þ b3ð6b5 þ h21 þ h1h2 þ h22Þ þ b2ð6b6  3ðh1 þ h2ÞÞÞ
B2 ¼ ðb1ð3b5h21 þ b6h31 þþ3b5h22  b6h32Þ
þ 3b2ð2b6ðb7  b8  F0Þ
þ b4ðh21 þ h22ÞÞ þ b3ð6b5ðb7 þ b8 þ F0Þ
þ b4ðh31  h32ÞÞÞ=ðh1  h2Þ
 ð3b5ðh1 þ h2Þ þ b6ðh21 þ h1h2 þ h22Þ
þ b3ð6b5 þ h21 þ h1h2 þ h22Þ þ b2ð6b6  3ðh1 þ h2ÞÞÞ
B3 ¼ ðð2b8 þ F0Þh1ð6b3b5 þ 6b2b6
 3ðb2 þ b5Þh1 þ ðb3 þ b6Þh21Þ
þ 2ð3ðb3b5  b2b6Þð2b7  F0Þ þ 3ðb2b4 þ b1b5Þh21
 ðb3b4 þ b1b6Þh31Þh2
þ ð3ðb2 þ b5Þð2b7  F0Þ  6ðb2b4 þ b1b5Þh1
þ ðb1  b4Þh31Þh22 þ ððb1 þ b4Þh21
þ b6ð2b7 þ F0 þ 2b1h1Þ
þ b3ð2b7 þ F0 þ 2b4h1ÞÞh32Þ=ð2ðh1  h2Þ
 ð3b5ðh1 þ h2Þ þ b6ðh21 þ h1h2 þ h22Þ
þ b3ð6b5 þ h21 þ h1h2 þ h22Þ þ b2ð6b6  3ðh1 þ h2ÞÞÞÞ
B4 ¼ 3ð2b3ðb11  b12  F1 þ b10h1  b10h2Þ
þ 2b6ðb11 þ b12 þ F1  b9h1 þ b9h2Þ
 ðb10  b9Þðh21  h22ÞÞ=ðh1  h2Þð3b5ðh1 þ h2Þ
 3b2ð2b6 þ h1 þ h2Þ  b3ð6b5  h21  h1h2  h22Þ
þ b6ðh21 þ h1h2 þ h22ÞÞ
B5 ¼ ð6b2ðb11  b12  F1 þ b10h1  b10h2Þ
þ 6b5ðb11  b12  F1 þ b9h1
 b9h2Þ þ ðb10  b9Þðh31  h32ÞÞ=ðh1  h2Þ
 ð3b5h1 þ b6h21  3b5h2
þ b6h1h2 þ b6h22  3b2ð2b6 þ h1 þ h2Þ
 b3ð6b5  h21  h1h2  h22ÞÞ
Influence of boundary conditions on peristaltic transport of nanofluids 2219B6 ¼ ðb9ð3b5h21 þ b6h31 þ 3b5h22  b6h32Þ
 3b2ð2b6ðb11  b12  F1Þ
þ b10ðh21  h22ÞÞ  b3ð6b5ðb11 þ b12 þ F1Þ
þ b10ðh31 þ h32ÞÞÞ=ððh1  h2Þ
 ð3b5ðh1 þ h2Þ  3b2ð2b6 þ h1 þ h2Þ
 b3ð6b5  h21  h1h2  h22Þ þ b6ðh21 þ h1h2 þ h22ÞÞÞ
B7 ¼ ðð2b12 þ F1Þh1ð6b3b5  b2ð6b6  3h1Þ
þ 3b5h1  ðb3 þ b6Þh21Þ
þ 2ð3ðb3b5  b2b6Þð2b11  F1Þ
þ 3ðb2b10 þ b5b9Þh21  ðb3b10
þ b6b9Þh31Þh2 þ ððb10 þ b9Þh31
 b2ð6b11  3F1 þ 6b10h1Þ þ 3b5ð2b11
þ F1  2b9h1ÞÞh22 þ ððb10  b9Þh21
 b3ð2b11 þ F1  2b10h1Þ þ b6ð2b11
 F1 þ 2b9h1ÞÞh32Þ=ð2ðh1  h2Þð3b5ðh1 þ h2Þ
 b6ðh21 þ h1h2 þ h22Þ  b3ð6b5 þ h21 þ h1h2 þ h22Þ
 b2ð6b6  3ðh1 þ h2ÞÞÞÞ
where
b1 ¼ 1B
lf
lnf
qbð Þnf
qbð Þf
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